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Introduction 

 If )(1 RL∈φ , )(2 RLf ∈ , then we form the convolution product φ⊗f  which is defined by 

)()()(=))((
=

ydyxyfxf
y

µφφ −⊗ ∫
∞

−∞
. If RR→:T  is a mapping such that the transformation 

)()(: 22

, RR LLCT →φ  defined by )))()(((=))(( , xTfxfCT φφ ⊗  is bounded. We shall call φ,TC  a 

composite convolution operator induced by the pair ),( Tφ . For literature concerning composite 

operators and convolution operators, we refer to Singh and Komal [8,9], Komal and Gupta [6], 

Carlson [1], Stepanov[10], Singh, Gupta and Komal [7].  

Bounded Composite Convolution Operators 

 

In this section we characterize bounded composite convolution operators.  

 

Theorem 2.1 Let R:T  R→  be a non-singular measurable mapping and )(1 RL∈φ . Then 
2

, : LCT φ  

)(R  )(2 RL→  is a bounded operator if 0> M∃  such that Mxf ≤)(0  for µ -almost all R∈x , where 

0f  is the Radon-Nikodym derivative of the measure 1−Tµ  w.r.t. the measure µ .  

 

Proof.  

)(|))()((|=|||| 22

, xdxTffCT µφφ ⊗∫ )(|)(|= 12 xTdxf −⊗∫ µφ  

)()(|)()()(|= 0

2 xdxfydyyxf µµφ−∫∫ [ ] )()(|)(||))((|)(
2

0 xdydyyfxf x µµφτ∫∫≤  
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[ ] ),()(|))((|)(=
2

0 xdydyfxf x µλτ∫∫ , of  bsetasurablesuforeveryme)(|)(|=)( where REydyE
E

µφλ ∫  

[ ] )()(|))()((|)(=
2

0 xdydyfyxf x µλτχ
R∫∫  

[ ] )()(|))((|)(|)(|)( 22

0 xdydyfydyxf x µλτλχ ∫∫∫≤ R
 

( ) )()(|))((|)(|)(|)(= 2

0 xdydyfydyxf x µλτµφ ∫∫∫ ( ) )()(|)(||))((|||||)(= 2

10 xdydyyfxf x µµφτφ ∫∫
[ ] )()(|))((|)(|)(|||=|| 2

01 ydxdyfxfy x µµτφφ ∫∫ ( ) )()(|)(||)(||||| 2

1 ydxdyxfyM µµφφ −≤ ∫∫ RR

)(|)(||||| |||| = 2

21 ydyfM µφφ ∫ 1

2

21 |||| |||| |||| = φφ fM .|||| |||| = 2

2

2

1 fM φ  

Hence,  

,|||| |||| |||| 12

2

, φφ fMfCT ≤ for every )(2 RLf ∈ .This proves that φ,TC  is a bounded operator.  

Example 2.2  

Let R:φ  R→  be defined by  

1/20

1/2<1

{=)( ≥xfor

xfor

xφ  

Then 1,==|)(|
1/2

1/2
dxdxx ∫∫ −

φ
R

so that )(1 RL∈φ .  Let R:T  R→  be defined by .1=)( R∈∀+ xxxT  

Then 1.=
)(

)(
=)(

1

0
xd

xTd
xf

µ
µ −

 

Therefore, ( ) )(|)(|=|||| 22

, xdxTffCT µφφ ⊗∫R ( ) )(|)(|)(= 2

0 xdxfxf µφ⊗∫R ( ) )(|)(|= 2 xdxf µφ⊗∫R  

)(|)()()(|= 2 xdydyyxf µµφ−∫∫ RR

)(|)()()(|= 2

1/2] , 1/2[ xdydyxfy µµχ −−∫∫R  

)()(|)(|)()( 2
1/2

1/2
1/2] , 1/2[ xdydyxfydy µµµχ 



 −≤ ∫∫∫ −−

R

)()(|)(|= 2
1/2

1/2
xdydyxf µµ−∫∫ −

∞

∞−
 

)()(|)(|= 2
1/2

1/2
xdtdtf

x

x
µµ 



∫∫

+

−

∞

∞−
)()(|)(|= 2

1/2

1/2
tdxdtf

t

t
µµ 



∫∫

+

−

∞

∞−
)()(|)(|=

1/2

1/2

2 tdxdtf
t

t
µµ 



∫∫

+

−

∞

∞−
 

)(|)(|= 2 tdtf µ∫
∞

∞−
.||=|| 2f  Hence, ).(        |||||||| 2

, RLfffCT ∈∀≤φ  

This proves that φ,TC  is a bounded operator.W  
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Hermitian Composite Convolution Operators 

In this section, we compute the adjoint of the composite convolution operator on )(2 RL . We 

also characterize Hermitian composite convolution operators. An example is given for illustration. 

For )(1 RL∈φ , )(2 RLg∈ , we define ,))((= 0

1* fTgEgA −⊗ oφφ where .)(=)(* xx −φφ  

In the following theorem, we prove that φA  is the adjoint of composite convolution operator φ,TC .  

Theorem 3.1 Let ))(( 2

, RLBCT ∈φ . Then .=*

, φφ ACT  

Proof. Let )(, 2
RLgf ∈ . Consider ( ) )()()(=,, xdxgxTfgfCT µφφ ⊗〉〈 ∫R  

( ) )()()()()(= 0

1 xdxfxTgExf µφ −⊗∫ o
R

[ ] )()()()()()()(= 0

1 xdydxfxTgEyxyf µµφ −−∫∫ o
RR

 

[ ] )()()())(()()(= 0

1 ydxdxfxTgEyxyf µµφ −−∫∫ o
RR

[ ] )()()())(()()(= 0

1* ydxdxfxTgExyyf µµφ −−∫∫ o
RR

 

( ) )())()(()(= 0

1* ydyfTgEyf µφ −⊗∫ o
R

( ) )()()(= ydygAyf µφ∫R ).(  ,  ,= 2
RLgfgAf ∈∀〉〈 φ  

 Hence,  

.=*

, φφ ACT  

Theorem 3.2 Let ))(( 2

, RLBCT ∈φ . Then φ,TC  is Hermitian if *= φφ .  

 Proof. We first assume that the condition is true. Then for )(, 2
RLgf ∈ ,consider  

〉〈〉〈 gCfgfC TT φφ ,

*

, ,=, )()()()(= , xdxgCxf T µφ∫  

)()()()(= xdxTgxf µφ⊗∫ )())(()()()(= 1

0 xdxgxTfExf µφ⊗−∫ o  

( ) )()()( )()()()(= 1

0 xdydygyxxTfExf µµφ −∫∫ −
o [ ] )()()()()()()(= 1

0 ydxdxTfExfyxyg µµφ −−∫∫ o  

[ ] )()()()()()()(= 1

0

* ydxdxTfExfxyyg µµφ −−∫∫ o ( ) )()()()(= 0

1* ydyfTfEyg µφ −⊗∫ o  

( ) ]=because[   )()()()(= *

0

1 φφµφ ydyfTfEyg −⊗∫ o .,= , 〉〈 gfCT φ  This proves that φ,TC  is Hermitian.  

  

Example 3.3  

 Let R:φ  R→  be defined by . forall    =)( /22

R∈− xex xφ  Let RR→:T  be defined by  

.  almostall  for    1=)( R∈−− xxxT µ  Then )(1 RL∈φ  and  
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πφ 2==|)(| /22

dxedxx x−∞

∞−

∞

∞− ∫∫ and 1.=)(=)(
1

0 y
d

Td
yf

µ
µ −

Now  

2
)(

2

12
)(

2

1

=)( and =)(
xyyx

exyeyx
−−−−

−− φφ  Therefore, ).(=)(=)( * yxxyyx −−− φφφ  

So, ))()((=))(( 0

1**

, xfTfExfCT

−⊗ oφφ )()()()( )(= 0

1* ydyfyTfEyx µφ −∞

∞−
−∫ o  

)()())(( )(= 0 ydyfyTfxy µφ o−∫
∞

∞−
)()(1)(1 )(= ydyfxy µφ −−∫

∞

∞−
)()( )(1= tdtfxt µφ −−∫

∞

∞−
(3.1) and 

))()((=))(( , xTfxfCT φφ ⊗ )())(()(= ydyxTyf µφ −∫
∞

∞−
)()(1)(= ydyxyf µφ −−∫

∞

∞−
 

)()(1)(= tdxttf µφ −−∫
∞

∞−
(3.2) 

 From (3.1) and (3.2), we get fCfC TT

*

,, = φφ for every )(2 RLf ∈ .  Hence, φ,TC  is Hermitian.  W  
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